Unsteady Diffusion with a First-Order
Homogeneous Reaction

Introduction

in the mathematical analysis of transport processes, it is
sometimes possible to formulate a solution to a complex problem
in terms of a solution to a simpler transport problem. For exam-
ple, it has been shown (Danckwerts, 1951; Crank, 1956; Bird et
al., 1960; Lightfoot, 1964) that the solution for a problem with
unsteady diffusion and a first-order homogeneous reaction can
be derived by utilizing the solution to the corresponding diffu-
sion problem without chemical reaction. These results are valid
for mass transfer problems where the nonhomogeneous parts of
the surface boundary conditions are independent of time. How-
ever, as will be evident below, it is possible to formulate solutions
to a wider class of problems than is implied in the previous inves-
tigations cited above.

Carslaw and Jaeger (1959) have shown that a general proce-
dure of obtaining solutions to unsteady diffusion problems with
a first-order chemical reaction can be developed by combining a
simple transformation of the dependent variable with Duha-
mel’s theorem for the parabolic diffusion equation. The purpose
of this note is to develop a generalized version of the Carslaw
and Jaeger method that makes it possible to solve unsteady dif-
fusion-reaction problems with time-dependent surface boundary
conditions and that thus provides a generalization of previous
results for this problem.

Formulation of Solution

We consider the absorption, diffusion, and reaction of compo-
nent A in a liquid phase under isothermal conditions. It is
assumed that A is present in such a small concentration that all
physical properties of the system (total mass density, viscosity,
and mutual diffusion coefficient) are essentially constant. Fur-
thermore, it is assumed that component A is depleted according
to an irreversible first-order reaction and that there is a time-
independent velocity field for the system. A mass transfer prob-
lem of this type can be described by the following set of equa-
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The volume ¥V'is bounded by two types of surfaces, ¥V, and dVy;
Dirichlet boundary conditions are imposed on d¥, and Robin
boundary conditions on 8V,

A second, simpler problem for the dependent variable
w(&, A, t) obeys the following set of equations:
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The problem for w is derived from the original problem for ¢, by
deleting the reaction term from the species continuity equation,
by using time-independent nonhomogeneous terms in the sur-
face boundary conditions by evaluating these terms at time A,

and by multiplying the original initial condition by the constant
-k
e,
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By generalizing the procedure suggested by Carslaw and
Jaeger (1959), it is possible to develop a solution, ¢4 (&, t), to the
original set of equations in terms of the solution w(£, X, #). The
solution for ¢, (£, t) can be expressed as
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or, equivalently, as
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Consequently, a solution, c, (&, t), to an unsteady diffusion
problem with first-order reaction, nonzero initial condition, and
surface boundary conditions with time-dependent nonhomogen-
eous terms can be derived by solving a simpler problem for
w(&, A, t) if the velocity field is independent of time. The solu-
tion ¢, to Egs. 14 can thus be derived by substituting the solu-
tion to the simpler problem, Egs. 7-10, into either Eq. 11 or Eq.
12. Finally, we note that it is easy to show that previous solutions
to problems of this type, which have been nicely summarized by
Slattery (1972), are special cases of Eq. 11 or Eq. 12.
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Naotation

¢4 = molar density of component A
D = mutual diffusion coefficient
h, = function in surface boundary condition, Eq. 3
h, = function in surface boundary condition, Eq. 4
k = first-order reaction rate constant
K = function in surface boundary condition, Egs. 4 and 6
n = outward normal direction for volume of phase
g = initial concentration distribution of component A4, Eq. 2
t = time
v = velocity vector of fluid
V = volume of phase
w = function that is a solution of Egs. 7-10
N\ = specified value of time variable
£ = point in space characterized by the three independent distance
variables
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